Abstract-Recently in order to investigate the distribution of water, liquid and solid, in the upper portions of the Martian's crust, two different instruments are operatives, the Mars Advanced Radar for Subsurface and Ionosphere Sounding (MARSIS) and the SHAallow RADar (SHARAD). The secondary objective of the MARSIS instrument is the Mars Ionosphere characterisation through the Active Ionosphere Sounding (AIS) sensor. This operative mode presents the frequency agility capability in order to estimate the Mars ionosphere spectral properties. This method allows the sounding of the ionosphere first layer only. However another method to characterise the Mars ionosphere can be used. Here will be presented a new ionosphere data inversion approach using the ground penetrating (GPR) data in order to remove the data instability and the solutions uncertainly. After the analytical data inversion formulation will be evaluated the performances of the method and its applicability. Finally, will be presented an application to the experimental data in order to test the proposed ionosphere data inversion method.
INTRODUCTION
The Mars Advanced Radar for Subsurface and Ionosphere Sounding (MARSIS) and the SHAallow RADar (SHARAD) are a low frequency (1.8-5 MHz for MARSIS and 20 MHz for SHARAD) Ground Penetrating Radar (GPR) in altimeter configuration which uses the synthetic aperture technique. The manly differences between the two instruments are the spatial resolution (150 m vertical resolution, 5-10 Km along track resolution for MARSIS and 15 m vertical resolution, 300-500 m along track resolution for SHARAD) and the penetrating capability (about 5 Km for MARSIS and 1 Km for SHARAD). One of the operative modes of the MARSIS instrument is the Active Ionosphere Sounding (AIS). The basic objective of the AIS mode is the Mars ionosphere characterisation, in particular the ionosphere plasma frequency measure in order to obtain information about the ionosphere total electron content (TEC) versus the solar zenith angle (SZA). According to the plasma frequency trend versus the altitude sketched in the Fig. 1 , this method allows the measure of the plasma frequency shape in the first layer of the ionosphere and the determination of the maximum plasma frequency value. By these two parameters can be derived the complete plasma frequency profile with a best fit procedure, the first result of the AIS experiment are reported in [1] . Even though AIS is the basic instrument to ionosphere characterisation, to this scope there is an alternative approach based on the GPR data. As illustrated in [2] , the impact of the ionosphere on the GPR signal appears relevant despite the frequency of the signal is higher to maximum plasma frequency. The GPR signal passes thorough the ionosphere layer and after the surface reflection is received by the instrument, during this path the signal is distorted by the ionosphere presence. To optimise the GPR data this distortion shall be estimated to compensate the signal. The information of the compensation function coefficients can be used to extrapolate the ionosphere property. Clearly this is an indirect approach respect to AIS mode, however is equally valid as presented in [3] , although in [3] one of the coefficient used to estimation procedure is the signal delay introduced by the ionosphere that is a parameter with a large sensibility to the surface roughness. To this reason in the present paper a more robust procedure will be illustrated in order to reduce the estimation accuracy of the method illustrated in [3] .
IONOSPHERE MODEL
As well known [4] the refraction index of a ionized medium is a function of the frequency: Here n(f ) is the refraction index, f p (z) is the plasma frequency vertical profile, z is the generic altitude coordinate and f is the frequency. During the propagation through the ionosphere the signal subject to a extra-phase shift which can be expressed by the following:
being c the speed of light in vacuum and L the thickness of medium. As seen from (2) the phase shift as function of the frequency, it depends by in the variation of the plasma frequency along the dispersive layer. The plasma frequency can be related to the plasma local electron density by the relationship:
In order to quantify the distortion effects on the signal impulse due to the ionosphere propagation, can be introduced the following "gamma" model [3] to characterize the distribution of the plasma frequency vs. height:
According to this model the ionosphere plasma frequency is zero for z < h 0 (below the altitude h 0 ∼ 100-150 Km the ionosphere profile is zero), and assume its maximum value f p,max for z = h 0 +b and then tends smoothly to zero for increasing z. The model (4) appears in perfect accordance with the experimental data measured profiles of Viking mission [4] . In the following the model (2) will be used to evaluate the inpact of the ionosphere phase distorction on the GPR singnal.
IONOSPHERE INVERSION APPROACH
In order to reduce the estimation complexity an alternative ionosphere model can be performed. This model is based on an equivalent ionosphere model characterized by a constant plasma frequency f P,EQ and a thickness L EQ , so that the Equation (2) becomes (uniform model):
Where τ 0 = 2L EQ /c. In [5] is demonstrated the good agreement of the uniform model vs. the gamma model when the value of factor b minimize the error due to particular L EQ assumption. Using a numeric regressive technique it is possible to demonstrate the linear relationship between the equivalent and maximum plasma frequency [6] . This equation can be expressed as:
Where k p is a constant respect to carrier frequency that can be fixed to k p = 1.18. The uniform model and the relationship (6) can be used to simplify the data inversion procedure. As above mentioned, in [3] is illustrated an application to MARSIS GPR data of the uniform model to estimate the equivalent plasma frequency of the Mars ionosphere. However in this case is used as a parameter the time delay measured by the instrument in order to extract the ionosphere time delay component. This aspect introduces a very high inaccuracy due to dependence of the time delay by the hardware path delay and the surface roughness. For this reason in [3] it is derived only a bandwidth of the ionosphere plasma frequency. A way to reduce the ionosphere plasma frequency estimation accuracy can be based on a second order estimation technique. This procedure is based on the demonstration of the ionosphere two frequency quadratic coefficients ratio invariant property respect to the ionosphere shape factor. By the Equations (1) and (5) the ionosphere phase coefficients can expressed as:
for the gamma model and:
in the case of the uniform model. Considering the ratio of the phase quadratic coefficients (8) at two different carrier frequencies by the Equation (8) is simple to conclude that this ratio appears independent by the equivalent thickness LEQ. This property can be demonstrated in the general case using the gamma model, considering the Equation (7) the quadratic coefficients ratio can expressed as:
Where f 01 and f 02 are the two different carrier frequencies. Remembering the relationship (8) and (9) the maximum ionosphere plasma frequency can be calculated by the relation:
In the (10) the quadratic phase coefficients can be determined by the application of the methodologies illustrated in [7] and [8] using the amplitude contrast, Shannon entropy or peak detection method. Although the inversion approach based on the relationship (10) is a second order estimation technique with an apparently lower sensibility respect to the first order approach presented in [3] , this methodologies is very simple and roust respect to surface roughness property. Clearly the accuracy of the estimation depend by the estimation of the ionosphere quadric phase coefficients, these details are illustrated in [5] and [7] .
EXAMPLE OF APPLICATION AND CONCLUSIONS
In this section will be applied the Mars ionosphere plasma frequency estimation methodology illustrated in the previous section using the MARSIS and SHARAD available data. In the case of the MARSIS instrument the GPR data are collected at the carrier frequency of 3 MHz (orbit 1890,1892,1893 and 1907) and 4 MHz (orbit 1896 4 MHz (orbit , 1901 4 MHz (orbit , 1903 4 MHz (orbit and 1904 . The estimated quadratic phase coefficients, as a function of the sun elevation angle, using the amplitude contrast method are reported in Fig. 2 . In order to reduce the dispersion of the quadratic coefficients it is necessary operate an opportunely average (see Fig. 2 ) and successively can be evaluated the ratio between the coefficients (see Fig. 3 ). The accuracy of the estimated plasma frequency can be investigated using the results obtained in [5, 7] and the relationship (11). Assumed σ a2 = 15 MHz −2 [5] (take into account that the principal effect is due from the speckle and noise) and being the value of the quadratic phase ratio ∼ 3 for a SU N = −5deg the total variation of the ratio can be approximated as: at SU N = −5deg is 1.86 MHz, this value is in the range of the expected accuracy. Applying the Equation (8) at different carrier frequencies it is possible to evaluate the parameter b as reported in Fig. 5 , in conclusion, in this case can be assumed a mean value of b ∼ 30 Km. The analogous procedure can be applied to SHARAD GPR data, in this case the carrier frequencies are more highs and the sensibility is lower respect to the MARSIS data, an example of this estimation is reported in Fig. 6 . In Fig. 6 are compared the Mars ionosphere maximum plasma frequency estimated using the MARSIS and SHARAD data vs. the data available in literature [4] . As can be observed the estimated ionosphere plasma frequency results in accordance with the older data, in corresponding of a solar zenith angle of 100deg the estimated value are more highs, this trend is confirmed by the AIS operative mode and is due by the ionosphere ionization reduction delay that can be associated to the ionosphere inertial characteristic. 
